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Lecture 5a: Demand and Supply with Firm Heterogeneity

5a Labour Demand of Heterogeneous Firms

Based on “Firms and labor market inequality: Evidence and some
theory” by David Card, Ana-Rute Cardoso, Jörg Heining, and Patrick
Kline, 2018, Journal of Labor Economics.

1. Evidence:
a. Productivity, wages, and rent sharing.
b. Firm switching.

2. Theory:
a. Baseline model.
b. Extensions.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Productivity, wages, and rent sharing
A large empirical literature documents that firms, like workers, exhibit
vast heterogeneity in productivity (Syverson, 2011).

• It is natural to wonder if these large productivity differences lead
to differences in worker pay.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Productivity, wages, and rent sharing

Measuring rents:

• Suppose that there is a single type of labor at a firm j , and wage
(wj ) is determined by a structural relationship of the form:

wj = b + γ
Qj

Nj
(1)

where b represents an alternative wage, Nj is employment at the
firm, Qj represents quasi-rents, and γ is a rent-sharing parame-
ter.

• Think of Qj as a rent that can be distributed to the firm owners
(profit) and to the worker (wage premium).
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Productivity, wages, and rent sharing

• The firm combines labor inputs and capital (Kj ) and faces an
exogenous rental rate r on capital, yielding the quasi-rent:

Qj = VAj − bNj − rKj = PjTj f (Nj ,Kj)− bNj − rKj

where VAj is value added (revenue net of materials costs), Pj
is a potentially firm-specific selling price index, Tj is an index of
technical efficiency, and f is a standard production function.

• Here PjTj represents total factor productivity (TFPj ) which is also
referred to as "revenue productivity" because it is the product of
"physical productivity" Tj and product price Pj .
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Productivity, wages, and rent sharing
• The elasticity of wages with respect to an exogenous change in

quasi-rent per worker is:

ξQj =
∂ lnw

∂ ln(
Qj
Nj
)
=

γ
Qj
Nj

b + γ
Qj
Nj

(2)

• Under the usual bargaining interpretation of equation (1) profits
per worker are a constant share of quasi-rents per worker:

πj

Nj
= (1 − γ)

Qj

Nj

• The elasticity of wages with respect to value added per worker:

ξj = ξQj ×
VAj

Qj
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Productivity, wages, and rent sharing

An important confounding factor in the rent sharing literature is
variation in worker quality.

• Firms that employ more highly skilled workers would be ex-
pected to have higher revenue per worker and value added
per worker, and also pay higher wages, leading to a potential
upward bias in the measured rent sharing elasticity in cross-
sectional studies that compare different firms at a point in time.

• A similar bias can also arise in longitudinal studies that compare
changes in firm-specific wages and profitability over time if there
are unobserved changes in the skill characteristics of workers.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Productivity, wages, and rent sharing
Few studies have exogenous sources of variation in productivity.

• Exception is Van Reenen (1996), who studies the effects of ma-
jor firm innovations (improved product or process) on employee
wages and finds large elasticity of 0.29.
– may be upward biased by skill upgrading on the part of inno-

vative firms

• However, Kline, Petkova, Williams, and Zidar (2019) find equally
large elasticity (0.29) when exploiting ex ante similar patents that
were initially allowed versus rejected.

• With employer-employee micro data, economists have had to
contend with serious measurement error problems that emerge
when constructing plant-level productivity measures.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Example in Portugese Employer–Employee Data
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Example (continued)
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Evidence: Firm switching
Abowd, Kramarz, Margolis (1999, AKM) models:

• AKM model for the log wage of person i in year t takes the form:

log(wit) = αi + ψJ(i,t) + X ′
itβ + ϵit

where
– Xit is a vector of time varying controls,
– αi is a "person effect" capturing the (time-invariant) portable

component of earnings ability,
– the {ψj}J

j=1are firm-specific relative pay premiums, J(i , t) is a
function indicating the employer of worker i in year t ,

– and ϵit is an unobserved time-varying error capturing shocks
to human capital, person-specific job match effects, and other
factors.
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Evidence: Firm switching
Event study of pre&post trends, and symmetry of switching gains:
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Firm switching

Main empirical issues in AKM:

1. Exogenous mobility, i.e., need worker switching uncorrelated
with time-varying wage residual ϵit . Evidence in previous slide.

2. Since the coefficients are identified from wage changes when
workers change firms, limited switching leads to measurement
error and downward-bias in cov(αi , ψj)

3. Additive separable functional form. Plot residuals across worker
αi and firm ψJ effect deciles.

4. Some restriction to separate age from time effects.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Residuals across worker–firm deciles:
High averages at bottom left may reflect impact of minimum wage.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Firm switching
Presence of the firm effects allows for the possibility that some firms
pay systematically higher or lower wages than other firms.

• Estimates of AKM style models in different countries have found
that the firm effects in these models typically explain 15–25 per-
cent of the variance of wages (5–15% in newer research).

• Less than the person effects but enough to indicate that firm-
specific wage setting is important for wage inequality.

• If different firms pay different wage premiums, the pattern of sort-
ing of workers to firms will also matter for overall wage inequality.

Var(log(wit)) = Var(αi) + Var(ψJ(i,t)) + Var(X ′
itβ) + Var(ϵit)

+2Cov(αi , ψJ(i,t)) + 2Cov(αi ,X ′
itβ)

+2Cov(ψJ(i,t),X ′
itβ)
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Firm switching
• AKM showed that the estimated firm-specific wage premiums

were positively correlated with measures of firm profitability in-
cluding value added per worker and sales per worker.

• The rent sharing elasticity obtained from a regression of wages
on a time-invariant measure of rents at the current employer (γw )
can be decomposed into the sum of three components reflecting
the regression on firm-specific rents of the estimated worker
effects (γα), the estimated firm effects (γψ), and the time-varying
covariate index (γXβ).

γw = γα + γψ + γXβ

The regression coefficients γα and γXβ represent sorting effects
and γψ is arguably a clean measure of the rent sharing elasticity.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Example in Portugese Employer–Employee Data
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Example (continued)
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Evidence: Firm switching

• The rent sharing elasticities estimated from a cross-sectional
specification incorporate a sizable worker quality bias.

• In each column of the table, roughly 40% of the overall wage
elasticity in row 1 is due to the correlation of worker quality (mea-
sured by the person effect component of wages) with firm spe-
cific quality.

• Adjusting for worker quality, the estimates in row 3 point to a
rent sharing elasticity in the range of 0.10 to 0.15, large enough
to create a range of wage variation of 16 to 24 log points asso-
ciated with the differences between firms at the 90th and 10th
percentiles of log value added per worker.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory of imperfectly competitive labor markets
Model to interpret the empirical facts:

• assume that wages set by employers to maximize profits, sub-
ject to constraints on the relationship between wages and the
supply of labor.

• heterogeneity across workers in their valuation of jobs at differ-
ent employers: endows firms with some power to set wages as
in classic monopsony models

• can generate empirically plausible connections between firm
productivity and wages

• observationally equivalent to simple rent-sharing models such
as equation (1)

• under reasonable assumptions, generate the prediction that
wages are additively separable in worker and firm heterogeneity
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory of imperfectly competitive labor markets
There are J firms

• Two types of workers: Low (L) and high (H) skilled.
• Each firm j ∈ {1, ..., J} posts (wLj ,wHj) skill-specific wage pair

that all workers observe with no cost.
• For worker i in skill group S ∈ {L,H} the indirect utility of work-

ing at firm j is:

uiSj = βS log(wSj − bs) + aSj + ϵiSj

where
– bs is skill group specific reference wage (outside option).
– aSj is firm-specific amenity common to all workers in group S.
– ϵiSj is idiosyncratic preferences (distance to workplace, in-

teractions with co-workers, etc.) drawn from type I extreme
value distribution.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: labor supply

Probability that random worker i with skill S chooses to work in firm j :

pSj = Pr(argmax
k

uiSk = j) =
exp(βS log(wSj − bS) + aSj)∑J

k=1 exp(βS log(wSk − bS) + aSk )

≈J→∞ λS exp(βS log(wSj − bs) + aSj)

1. Equality is famous result by McFadden (Nobel Prize in 2000)
and due to extreme value assumption on ϵiSj (not proved here).

2. Approximation holds when small individual firm’s impact on the
numerator will be negligible.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: labor supply

• Let L and H be the total number of lower and higher skilled
workers respectively.

log(Lj(wLj)) = log(LpLj) = log(LλL) + βL log(wLj − bL) + aLj

log(Hj(wHj)) = log(HpHj) = log(HλH) + βH log(wHj − bH) + aHj
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Firm optimization
• Production Function is twice differentiable and constant returns

to scale (CRS).
Yj = Tj f (Lj ,Hj)

• The firm’s problem is to post a pair of skill-specific wages that
minimize the cost of labor:

min
wLj ,wHj

wLjLj(wLj) + wHjHj(wHj)

s.t. Tj f
(
Lj(wLj),Hj(wHj)

)
≥ Y

or equivalently:

min
wLj ,wHj

wLjLλLeβL log(wLj−bL)+aLj + wHjHλHeβH log(wHj−bH)+aHj

s.t. Tj f
(
LλLeβL log(wLj−bL)+aLj ,HλHeβH log(wHj−bH)+aHj

)
≥ Y
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Firm optimization
• The associated first order conditions can be written as:

wLj +
wLj − bL

βL
= Tj f1µj

⇒ wLj

(
1 +

wLj − bL

βLwLj

)
= Tj f1µj

⇒ wLj
1 + eLj

eLj
= Tj f1µj

where µj represents the marginal cost of production, which the
firm will equate to marginal revenue at an optimal choice for Y .
Also eSj =

βSwSj
wSj−bS

is the elasticity of labor supply w.r.t. wage.
– For both skill groups, labor supply to the firm becomes in-

finitely elastic as wages approach the reference wage level
bS.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Firm optimization
• The firm’s first order conditions can be re-written:

wLj =
1

1 + βL
bL +

βL

1 + βL
Tj f1µj (3)

wLj is a weighted average of the reference wage bL and group
L’s marginal revenue (= marginal factor cost; i.e. assume perfect
competition in output market).
– Similarly

wHj =
1

1 + βH
bH +

βH

1 + βH
Tj f2µj (4)

– As βS → 0 firm pays the reference wage bS.
– In the case where the reference wage is 0, the labor supply

function for group S has a constant elasticity βS and the first
order condition sets the wage equal to a constant fraction
βS/(1 + βS) of the marginal revenue product.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Baseline case

• Linear production function and fixed output price.

Yj = TjNj = Tj
(
(1 − θ)Lj + θHj

)
– Nj is efficiency units and θ ∈ (0.5,1)
– Output price is fixed and equal to P0

j .
– Recall µj is marginal cost of production and firm will equate

that to the marginal revenue when solving for Y .
– Equation (3) ⇒ wLj =

1
1+βL

bL +
βL

1+βL
Tj(1 − θ)P0

j

– Equation (4) ⇒ wHj =
1

1+βH
bH + βH

1+βH
TjθP0

j
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Baseline case
• The determination of the optimal wage in the simplified situation

where there is only one skill group is illustrated in this Figure:
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Baseline case

• If we assume reference wages are proportional to skill groups’
relative productivity (i.e. bL = (1 − θ)b and bH = θb) we get:

wLj =
(1 − θ)b
1 + βL

+
βL

1 + βL
Tj (1 − θ)P0

j

⇒ log(wLj) = log

(
(1 − θ)b
1 + βL

)
+ log(1 + βLRj)

where Rj =
Tj P0

j
b is the proportional gap in marginal labor produc-

tivity at firm j relative to the competitive sector.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Rent Sharing
• vj =

P0
j Yj

Nj
is the value added per efficiency unit of labor.

vj =
P0

j Yj

Nj
= P0

j Tj ⇒ Rj =
vj

b

• The elasticity of wages of skill group S with respect to value
added per worker is:

ξSj =
∂ logwSj

∂ log vj
=
∂ logwSj

∂ logRj

=
βSRj

1 + βSRj

• Same the as the sharing elasticity w.r.t. the quasi-rent (2), where
workers are assumed to capture a fixed share of the quasi-rents!
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Rent Sharing

Now compare to the empirical estimates:

• The estimated rent sharing elasticities above indicate that a
typical value of this elasticity is around 0.10, which suggests that
the average value of βSRj is also around 0.10.
– An average worker earns about 10% higher wages than he or

she would earn at the lowest-wage firms in the economy that
have vj = b.

– Remarkably consistent with the estimates of Card, Cardoso
and Kline (2016) obtained by benchmarking wage premiums
at firms in the Portuguese economy relative to the premiums
paid by the least profitable firms in the country.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Markdowns
We can rewrite elasticity of labor supply and wages as:

⇒ eSj =
∂ log(Sj)

∂ log(wSj)
=

βSwSj

wSj − bS
=

1 + βSRj

Rj − 1

wLj =
eSj

1 + eSj
Tj f1µj

• Suppose 20% markdown, then eSj ≈ 4 and with βSRj ≈ 0.1 we
have: Rj ≈ 1.3 and βS ≈ 0.08.

• Reasonable "near competitive" benchmark although, admittedly
markdowns often larger (remember Yeh et al.) and many direct
estimates of the elasticity of supply to the firm are lower than 4
(Manning, 2011).
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: relative wages

• When βL = βH = β and approximating log(1 + βLRj) ≈ βLRj :

logwSj = log
b

1 + β
+ I(S = L) log(1 − θ) + I(S = H) log θ + βRj

⇒ logwSj = αS + ψj

where αS is a skill-group-specific constant and ψj = βRj =
β
b vj is

the firm-specific wage premium paid by firm j .

• This simple model therefore yields the additively separable for-
mulation proposed by AKM.

• The firm effects should be strongly related to value added per
worker, something we saw evidence for above.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Between-Firm Sorting

• Let πSj be the share of workers in group S working at firm j .

⇒ E(logwSi) = αS +
∑

j

ψjπSj

⇒ E(logwHi)− E(logwLi) = αH − αL +
∑

j

ψj(πHj − πLj)

• The last term in this expression represents a between-firm sort-
ing component of the average wage gap.
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Between-Firm Sorting
• When the supply parameter β varies across groups the wage de-

composition will contain an additional term, reflecting a weighted
average across firms of the rent sharing components of the two
skill groups:

E(logwHi)−E(logwLi) = αH−αL+
∑

j

ψL
j (πHj−πLj)+

∑
j

(ψH
j −ψL

j )πHj

= αH − αL +
∑

j

ψH
j (πHj − πLj) +

∑
j

(ψH
j − ψL

j )πLj

• As in classic Oaxaca-style decompositions, this gives an alter-
native way to evaluate the contributions of differences in the
distributions of the two skill groups across firms, and differences
in the return to working at a given firm between the two groups.
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Actual sorting and rent-sharing by skill
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Lecture 5a: Demand and Supply with Firm Heterogeneity

Theory: Generalizations

• Downward-sloping product demand: assume firm faces an in-

verse demand function Pj = P0
j Y

−1
ϵ

j with ϵ > 1. Implies monopo-
listic behavior but key results are the same.

• Assume that the firm’s output is a CES aggregate of high and
low skilled labor:

Yj = TjNj = Tj f (Lj ,Hj) = Tj

[
(1 − θ)Lρj + θHρ

j

] 1
ρ

where ρ ≤ 1 and σ = 1
1−ρ is the elasticity of substitution.

For details, see the paper...
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Takeaway

• While the ability of firms to set wages is disciplined by market
competition, there are clearly limits to those competitive forces,
which also fail to eliminate productivity and output price differ-
ences across firms.
– Firms will be able to set wages if workers differ in their valua-

tion of firms’ non-wage characteristics.
– [Search and matching theory would provide an alternative

explanation for firms’ wage setting power]
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Takeaway

• The idea that even highly advanced labor markets like that of the
United States might be better characterized as imperfectly com-
petitive opens a host of questions about the welfare implications
of industrial policies and labor market institutions such as the
trade unions, minimum wage, unemployment insurance, and em-
ployment protection.

• It affects our interpretation of the sources of inequality and its
changes over time [soon...]. Also refer back to our discussion
of the effect of the German minimum wage in Dustmann et al.
2021.
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Basic Readings

• Card, D., Cardoso, A. R., Heining, J., & Kline, P. (2018). Firms
and labor market inequality: Evidence and some theory. Journal
of Labor Economics, 36(S1), S13-S70.
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