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(�u,�v) �−→ 〈�u,�v〉

�u,�v ∈ R
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〈�u,�v〉 = 0

�u,�v ∈ Rn
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ujvj =
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vjuj = 〈�v, �u〉

λ ∈ R

〈λ�u,�v〉 =
n∑

j=1

λujvj = λ
n∑

j=1

ujvj = λ〈�u,�v〉

〈�u, λ�v〉 = λ〈�u,�v〉



�u,�v, �w ∈ Rn

〈�u+ �v, �w〉 =
n∑

j=1

(uj + vj)wj =

n∑
j=1

ujwj +

n∑
j=1

vjwj = 〈�u, �w〉+ 〈�v, �w〉

〈�u,�v + �w〉 = 〈�u, �w〉+ 〈�v, �w〉

�u,�v, �w, �z ∈ Rn α, β, γ, δ ∈ R

〈α�u+ β�v, γ �w + δ�z〉 = αγ〈�u, �w〉+ αδ〈�u, �z〉+ βγ〈�v, �w〉+ βδ〈�v, �z〉
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= (〈�u, �u〉)
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‖�u‖2 = 〈�u, �u〉

‖�u+ �v‖2 = 〈�u+ �v, u+ �v〉 =
= 〈�u, �u〉+ 〈�u,�v〉+ 〈�v, �u〉+ 〈�v,�v〉
= ‖�u‖2 + 2〈�u,�v〉+ ‖�v‖2

‖�u− �v‖2 = ‖�u‖2 − 2〈�u,�v〉+ ‖�v‖2



V ⊂ R
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�u �v ∈ V �u+ �v ∈ V
λ ∈ R �v ∈ V λ�v ∈ V
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V R
n �w ∈ R

n �v ∈ V
�u ∈ V

〈�w − �v, �u− �v〉 = 0

�v �w

�u

‖�w − �v‖ = min�u∈V ‖�w − �u‖
�u ∈ V

‖�w − �v‖ ≤ ‖�w − �u‖.

K R
n K λ ∈ [0, 1] �u,�v ∈ K

λ�u+ (1− λ)�v ∈ K
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A ∈ R
n A

A

�v A⇒ �v A.

[a, b] [a,∞) R (a, b) (a, b] [a, b) (a,∞)

f : D = [−12, 18) �−→ R,

f(x) = 2x,

x = −12 f f(−12) = −24



f

f x ∈ D
⇒ x < 18 18 D x �= 18
⇒ ε := 18− x > 0.

y = x+ ε
2 .

x < y < x+ ε = 18

y ∈ D.

f(y) = 2(y) = 2(x+
ε

2
) = 2x+ ε = f(x) + ε > f(x)

⇒

f [−12, 18)

A ⊂ R f : D → R

D ⊂ R

A s ∈ R a ∈ A a ≥ s

f c ∈ R

x ∈ D f(x) ≥ c

c
f

A = {f(x)|x ∈ R}
A s ∈ R a ∈ A a ≤ s

f c ∈ R

x ∈ D f(x) ≤ c

c
f

c
f y < c

S A a ≤ S a ∈ A
ε > 0 a = aε > 0 ∈ A aε > S − ε
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