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‖�v‖2 =
√

v21 + . . .+ v2n =

√√√√ n∑
j=1

v2j ∈ [0,∞)
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�� �v =

⎛
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‖ . ‖2 : Rn → [0,∞)

�v �→ ‖�v‖2
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 �v =

⎛
⎜⎝
v1
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vn

⎞
⎟⎠ , �w =
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⎜⎝
w1
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wn
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d(�v, �w) := ‖�v − �w‖ =
√√√√ n∑

j=1

(vj − wj)2
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d : Rn ×Rn → [0,∞)

(�v, �w) �→ d(�v, �w)

���������� ����� A ���� 0���� 1 ��2�/ A = N ���
 A = R ���
 A = {
��* �
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A×B := {(a, b) | a ∈ A, b ∈ B}
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(t1, x1, y1, z1) = (t1, �v1)
(t2, x2, y2, z2) = (t2, �v2)

���

(tN , xN , yN , zN ) = (tN , �vN )

(	
 �	
� ���� )����� g : R→ R3, g(t) = �b · t+ �c �)��	
����������������� �b �� *����%���

�c�+ ������ ��� ,�������	
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Q(�b,�v) =
N∑
j=1

‖g(tj)− �vj‖2 =
N∑
j=1

‖�b · t+ �c− �vj‖2 = [b = (bx, by, bz), c = (cx, cy, cz)]
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⎧⎪⎨
⎪⎩
0 = d

dbx
Q(�b,�c) = 2

∑N
j=1(bxtj + cx − xj)tj

0 = d
dby

Q(�b,�c) = 2
∑N

j=1(bytj + cy − yj)tj

0 = d
dbz

Q(�b,�c) = 2
∑N

j=1(bztj + cz − zj)tj

�/�

⎧⎪⎨
⎪⎩
0 = d

dcx
Q(�b,�c) = 2

∑N
j=1(bxtj + cx − xj)

0 = d
dcy

Q(�b,�c) = 2
∑N

j=1(bytj + cy − yj)

0 = d
dcz

Q(�b,�c) = 2
∑N

j=1(bztj + cz − zj)
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0 = 1

N

(
bx

∑N
j=1 t

2
j + cx

∑N
j=1 tj −

∑N
j=1 xjtj

)
= bxk̄ + cxt̄− m̄x

0 = 1
N

(
by

∑N
j=1 t

2
j + cy

∑N
j=1 tj −

∑N
j=1 yjtj

)
= byk̄ + cy t̄− m̄y

0 = 1
N

(
bz

∑N
j=1 t

2
j + cz

∑N
j=1 tj −

∑N
j=1 zjtj

)
= bzk̄ + cz t̄− m̄z
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⎧⎪⎨
⎪⎩
0 = 1

N bx
∑N

j=1 tj + cx − x̄ = bxt̄+ cx − x̄

0 = 1
N by

∑N
j=1 tj + cy − ȳ = by t̄+ cy − ȳ

0 = 1
N bz

∑N
j=1 tj + cz − z̄ = bz t̄+ cz − z̄
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{
0 = bxk̄ + cxt̄− m̄x

0 = bxt̄+ cx − x̄

�����������	� 
�� �� �������� ��� t̄ ��
 ����� 
�� �� �������� ��� 
�	 �� ��

0 = [(t̄)2 − k̄]bx − m̄x + x̄t̄⇒ bx

=
x̄t̄− m̄x

t̄2 − k̄

=
−x̄t̄+ m̄x

−t̄2 + k̄

=
Cov((x1, . . . , xN ), (t1, . . . , tN ))

Var(t1, . . . , tN )

=
Cov(x, t)

Var(t)

��������� �� �������� 0 = bxt̄+ cx − x̄ �����	�

cx = x̄− bxt̄ = x̄− t̄ · Cov(x, t)
Var(t)

������ ������ �������� ��� ����

by =
m̄y − ȳt̄

k̄ − t̄2
=

Cov(y, t)

Var(t)
, cy = ȳ − by t̄

bz =
m̄z − z̄t̄

k̄ − t̄2
=

Cov(z, t)

Var(t)
, cz = z̄ − bz t̄
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�$ ('	 ���� �v ∈ Rn ���� N(�v) ≥ 0)

��$ ('	 ���� λ ∈ R ��
 �v ∈ Rn ���� N(λ�v) = |λ|N(�v))

���$ ('	 ���� ��������� ��*��	�� �v, �w ∈ Rn ���� 
�� ������������������+

N(�v + �w) ≤ N(�v) +N(�w)
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 d : Rn ×Rn → R ������ ��� ������ ��	� Rn�� ���� ���
���� ������
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�� ��� �������� ����� �v, �w ∈ Rn ������� ����

�� d(�v, �w) ≥ 0�

��� d(�v, �w) = d(�w,�v)�

���� ���  ���� ������� !�"��� �u ∈ Rn 
���

d(�v, �w) ≤ d(�v, �u) + d(�u, �w).
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