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CAVEAT EMPTOR — ES IST, WIE ES IST.

Die vorliegende Datei beinhaltet meine handschriftlichen Notizen, anhand derer ich die Vor-
lesung Analysis IIT (fiir Lehramt) an der TU Dortmund im Wintersemester 2022/2023 gehalten
habe. Manchmal bin in der Vorlesung selbst von den Notizen abgewichen, im groflen und ganzen
hielt ich mich aber recht eng daran. An wenigen Stellen habe ich die Notizen nach der Vorlesung
nachbearbeitet.

Es gibt sicherlich eine Reihe von kleineren Fehlern (Schreibfehler, Vorzeichenfehler, etc.). Die
Notizen kénnen das eigene Denken und Nachvollziehen der Schritte und Argumente nicht ersetzen.
Sie sind als Hilfe gedacht, um Stellen in Threm eigenen Manuscript, die liicken- oder fehlerhaft
sind, abgleichen zu konnen. Falls Sie an der TU Dortmund (oder anderem Universitdten der Ruhr-
Allianz) eingeschrieben sind, haben Sie die Moglichkeit, sich die Video-Aufnahmen der Vorlesung
anzuschauen, die unter Moodle bereitgestellt werden. Im Zweifelsfalle konsultieren Sie die angege-
bene Literatur.

QUELLEN UND BEzUGE

In der Vorlesung bezog ich mich insbesondere auf die beiden Skripte [Bru21] und [Kab18], sowie
die Biicher [Kab97, Kab99] und zu einem geringeren Mafle auf das Buch [Bral0]. Ich bedanke mich
bei den Kollegen Rainer Briick und Winfried Kaballo, dass sie mir ihre unveroffentlichten Skripte
freundlicherweise zu Verfiigung gestellt haben.

Als weitere Literatur konnen zum Beispiel die anderen im Literaturverzeichnis aufgefithrten
Bicher nitzlich sein.

Ich bedanke mich bei den Assistenten der Vorlesung, Herrn Max Kamper, Frau Friederike Lem-
ming und insbesondere Herrn A. Seelmann.

Den Lesern wiinsche ich viel Freude und Erfolg beim Nachvollziechen der Mathematik, die in
diesem Manuscript dargestellt wird.

L.V., Dortmund, den 3. Februar 2023

©Ivan Veseli¢, 2023.
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Cantor set - Wikipedia https://en.wikipedia.org/wiki/Cantor_set#Construction_and formu...

Cardinality

It can be shown that there are as many points left behind in this process as there were to begin with,
and that therefore, the Cantor set is uncountable. To see this, we show that there is a function f from
the Cantor set C to the closed interval [0,1] that is surjective (i.e. f maps from C onto [0,1]) so that the
cardinality of C is no less than that of [0,1]. Since C is a subset of [0,1], its cardinality is also no greater,
so the two cardinalities must in fact be equal, by the Cantor—Bernstein—Schroder theorem.

To construct this function, consider the points in the [0, 1] interval in terms of base 3 (or ternary)
notation. Recall that the proper ternary fractions, more precisely: the elements of (Z \ {O}) .37 No,

admit more than one representation in this notation, as for example é, that can be written as 0.1 =

0.105, but also as 0.0222...; = 0.02,, and %, that can be written as 0.2, = 0.20, but also as 0.1222...; =

0.153.[101 When we remove the middle third, this contains the numbers with ternary numerals of the
form 0.1xxxxx...; where Xxxxx...; is strictly between 00000...; and 22222...;. So the numbers
remaining after the first step consist of

= Numbers of the form 0.0xxxxx...3 (including 0.022222...3 = 1/3)
= Numbers of the form 0.2xxxxx...3 (including 0.222222...3 = 1)

This can be summarized by saying that those numbers with a ternary representation such that the first
digit after the radix point is not 1 are the ones remaining after the first step.

The second step removes numbers of the form 0.01xxxx...; and 0.21xxxX...5, and (with appropriate
care for the endpoints) it can be concluded that the remaining numbers are those with a ternary
numeral where neither of the first two digits is 1.

Continuing in this way, for a number not to be excluded at step n, it must have a ternary
representation whose nth digit is not 1. For a number to be in the Cantor set, it must not be excluded
at any step, it must admit a numeral representation consisting entirely of os and 2s.

1
>3
IR : e q = =R B, L = o Z =

ternary numerals consisting entirely of 0os and 2s: 1 = 0.222...5 = 0.23, 3 = 0.0222..3 = 0.023 and 5=

It is worth emphasizing that numbers like 1, ; = 0.15 and g = 0.214 are in the Cantor set, as they have

0.20222...5 = 0.2053. All the latter numbers are “endpoints”, and these examples are right limit points
of C. The same is true for the left limit points of C, e.g. § = 0.1222..; = 0.123 = 0.204 and g =
0.21222...5 = 0.2153 = 0.2263. All these endpoints are proper ternary fractions (elements of Z - 37Noy
of the form 5, where denominator g is a power of 3 when the fraction is in its irreducible form.[9] The

ternary representation of these fractions terminates (i.e., is finite) or — recall from above that proper
ternary fractions each have 2 representations — is infinite and “ends” in either infinitely many
recurring os or infinitely many recurring 2s. Such a fraction is a left limit point of C if its ternary
representation contains no 1's and “ends” in infinitely many recurring os. Similarly, a proper ternary
fraction is a right limit point of C if it again its ternary expansion contains no 1's and “ends” in
infinitely many recurring 2s.

This set of endpoints is dense in C (but not dense in [0, 1]) and makes up a countably infinite set. The
numbers in C which are not endpoints also have only os and 2s in their ternary representation, but
they cannot end in an infinite repetition of the digit o, nor of the digit 2, because then it would be an
endpoint.

The function from C to [0,1] is defined by taking the ternary numerals that do consist entirely of os
and 2s, replacing all the 2s by 1s, and interpreting the sequence as a binary representation of a real
number. In a formula,

4 von 13 17.10.2022, 17:12
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f(Zak3_’°) =Y %k 9=k \where Vk e N:ay € {0,2}.

keN keN 2

For any number y in [0,1], its binary representation can be translated into a ternary representation of
a number x in C by replacing all the 1s by 2s. With this, f{x) = y so that y is in the range of f. For

instance if y = g = 0.100110011001..., = 0.1001, we write X = 0.2002 = 0.200220022002...3 =

A
10°
Consequently, fis surjective. However, fis not injective — the values for which f{x) coincides are those
at opposing ends of one of the middle thirds removed. For instance, take

= 0.02; (which is a right limit point of C and a left limit point of the middle third [3, 5]) and
= 0.203 (which is a left limit point of C and a right limit point of the middle third [%, %])

WIN W=

SO

£(%) = £(0.023) = 0.01, = 0.1, = 0.10, = £(0.205) = £(%).
|
o

Thus there are as many points in the Cantor set as there are in the interval [0, 1] (which has the

uncountable cardinality ¢ = 2%0). However, the set of endpoints of the removed intervals is countable,
so there must be uncountably many numbers in the Cantor set which are not interval endpoints. As

noted above, one example of such a number is i, which can be written as 0.020202...; = 0.02 in
ternary notation. In fact, given any a € [—1, 1], there exist &,y € C such that a = y — . This was
first demonstrated by Steinhaus in 1917, who proved, via a geometric argument, the equivalent
assertion that {(z,y) €R?® |y=z+a} N (CxC)#0 for every a € [—1,1].[11 Since this
construction provides an injection from [—1,1] to C x C, we have |C x C| > |[-1,1]| = ¢ as an
immediate corollary. Assuming that |A x A| = |A| for any infinite set A (a statement shown to be
equivalent to the axiom of choice by Tarski), this provides another demonstration that |C| = .

The Cantor set contains as many points as the interval from which it is taken, yet itself contains no
interval of nonzero length. The irrational numbers have the same property, but the Cantor set has the
additional property of being closed, so it is not even dense in any interval, unlike the irrational
numbers which are dense in every interval.

It has been conjectured that all algebraic irrational numbers are normal. Since members of the Cantor
set are not normal, this would imply that all members of the Cantor set are either rational or
transcendental.

Self-similarity

The Cantor set is the prototype of a fractal. It is self-similar, because it is equal to two copies of itself, if
each copy is shrunk by a factor of 3 and translated. More precisely, the Cantor set is equal to the union
of two functions, the left and right self-similarity transformations of itself, Tr(z) = /3 and

Tr(z) = (2+z)/3, which leave the Cantor set invariant up to homeomorphism:
T (C) =2 Tr(C) = C =TL(C) UTr(C).

Repeated iteration of 77, and Tx can be visualized as an infinite binary tree. That is, at each node of
the tree, one may consider the subtree to the left or to the right. Taking the set {77, Tr } together with
function composition forms a monoid, the dyadic monoid.

The automorphisms of the binary tree are its hyperbolic rotations, and are given by the modular
group. Thus, the Cantor set is a homogeneous space in the sense that for any two points z and y in the
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